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METHODOLOGY OF CALCULATION OF MULTIPLEX HEAT 
EXCHANG APPARATUS WITH CROSS FLOW AND MIXING  

IN HEAT CARRIERS 
 
 
The statement of the problem The most efficient apparatus are known to be heat exchangers with classic countercurrent flow of heat carriers. However, this current scheme is rarely possible to create in an apparatus. In many cases cross flow heat exchangers are more acceptable in terms of efficiency of heat emission from the outer surface of the wall. Therefore cross flow if used which is within the identical surface area and heat-transfer rate in disadvantage in comparison with the classic countercurrent scheme. In this case multiple passes mixed diagram are mainly used where with sufficient number of cross flow passes reciprocal flow of heat carriers is close to the classic countercurrent.  The most widespread assembling design of heat exchangers is complex and mixed current design. Unlike the simple mixed design one of the heat carriers moves as split flow lines through the full length and it does not interfuse between the passes and a heat carrier, which is inside as a rule within one pass and flows as split flow lines and it interfuses between the passes. In such a way the design of the mixed flow will be complex where every pass (section) is a complex cross flow diagram. Heat exchangers that are under analysis are widely spread in the different fields of the economy. That is why receiving more accurate and perfect methods and techniques of their research and analysis is an urgent task.  
The analysis of the latest researches and publications Function of correction factor and logarithmic mean temperature difference for the counter flow is traditionally used to calculate temperature difference in this kind of apparatus (designated with  or 
t). Its function is presented in the form of plots or charts, which are utterly not convenient to apply in modern calculations. This calculation method is also known as correction factor method [1, 2, 8, 9]. Some analytical dependences for similar apparatus are given [2, 10]. However, they are true for individual cases of configuration of the surface area and (or) limited range of data. Measurement of efficiency of the apparatus and relationship for constructing the temperature distribution for heat exchangers with the simple mixed scheme where every pass represents the heat exchanger (section) are describes in the paper [1, 2]. In the diagram it is assumed that both heat carriers are mixed between the passes and it doesn’t correspond with the configuration of the apparatus.  
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The definition of the earlier unsettled issues The main disadvantage of the similar dependences – they are integral (that is determined for the entire apparatus). As a consequence, only average intensity of the heat transfer is a part of calculations, thereby its local distribution and other peculiarities of the surface area configuration are not taken into account. These factors lead to significant errors in mean temperature difference and required surface area (to 6090%). This is typical in cases when during calculations of the heat exchanger method of correction factor is not used but known P-NTU or -NTU methods [1, 2, 8, 9], with use of empiric integral dependences of the heating and cooling efficiency in the apparatus. 
The aim of the paper is to develop and improve the methods and means for more exact defining of temperature characteristics and the apparatus efficiency that is under study. Development of mathematical model for complex heat exchange apparatus and creation of methods and algorithms were tasked to achieve the objective of the paper. It allows obtaining distribution of temperature characteristics for each element of the heat exchanger and the entire apparatus. Developed methods and means have to provide an opportunity for conducting the efficiency analysis of both newly designed and current heat exchangers taking into account technological factors, fouling factors and make tradeoffs. 
The basic material The authors have achieved analytical solutions for the distribution of local temperatures for the heat exchanger with endless number of streams of the external heat carrier. Algorithms of efficiency defining are developed on their basis. Original system of equations of the mathematical model includes: heat-balance equation and heat-transfer equation for elementary surface patches (elements), equations that include motion characteristics and connection of heat carrier flows. Basically, it is an application of the P-NTU method taking into account the distribution of local temperature differences in the apparatus. There is the case of the heat exchanger assembling where the heat carrier flows through the tubes and heats and the flow is outside the tubes with the heated medium washing lines of tubes (see fig. 1). 
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FIGURE 1. Multi cell schematic with endless number of flows (variant 1)  The authors developed analytical algorithm with defined local temperature for heating medium and efficiency of the whole heat exchanger: 
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where:  
l – numbers of the concurrent direction with x-coordinate from inlet into the element of all previous sections, l = z, z – 2, z – 4…(k – 2), if the direction of motion is concurrent with the direction in the last section z, and l = z – 1, z – 3…(k – 2), the direction of motion of the internal heat carrier in the current section does not coincide with the direction in the last section z,  
m – number of the counter direction with x-coordinate from the inlet into the element of all previous sections; m = z – 1, z – 3…(k – 1), if the direction of the motion of the internal heat carrier is concurrent with the direction in the last section z, and m = z, z – 2, z – 4…(k – 1), if the direction of the motion of the internal heat carrier in the current section does not coincide with the direction in the last section z, 
x  – a relative coordinate from inlet of interior medium within the section, xx

L
 ; L – bank of tubes length in the section,  

i – the number of run in the section,  
n – number of runs in the section, 
R, NTU2 – ratio of water equivalents of heat carriers to number of heat transfer units in the section  [1, 2, 8, 9], HWR
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K, F – heat transfer coefficient and heat transfer surface area coefficient in the corresponding cell; 
b) for following runs of the corresponding cell (i = 2…n): 

1 1 1 , 2k x i k R a x
ikx i k

H

t t
t e i n

t t
    





   


                                                      (4) 

( 1), ( 1),2 1 101 , 2 ,x
R a x

ik i k i k x k
a aR a dx i n e t
n n

     
  

              
                              (5) 

It is worth noting that in counter flow diagrams local temperatures for heating medium can be defined only after calculation of parameters k  by solving set of equations (1)-(5) with the method of successive approximation at value of relative coordinate 1:x   
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where q is index of current approximation. Medium heating temperature before the corresponding cell: 
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Resulting efficiency of the heat exchanger and outlet temperature of media: 
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A little simplified algorithm was obtained with another surface area assembly (variant 2, fig. 2). The heated medium is within the elements and the heating medium moves transversally and washes the elements with the streams making a few runs along the common counter flow.   
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FIGURE 2. Multi cell schematic with endless number of flows (variant 2)  

The efficiency determination algorithm For every heating medium pass in zeroth-order approximation (q = 0, q – index of current approximation) the parameter is set 0 ,k  00 0 0.q
    For every medium of the last pass (k = z) ( 1) 0,q
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with functions ( 1)x jk   are calculated by the formula where 1x  : 

01 1 1 1
0

11 ( )1 , 1 ,( 1)!
ax

x

j j l l l
ax

x j
l

e

j aR aR axe j n
l n n l







    




 

                     
 

                           (14) 
where a is parameter, 2(1 exp( / ))a n NTU n    . The error on the parameter z  is defined: 1 100 %q q
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If the error exceeds the legitimate error, the calculation is redone beginning with the level (9). The temperature of the heated and heating media are defined at the outlet from the whole apparatus: 
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The final heat performance is calculated in the apparatus: 
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As the above analysis of analytic algorithms demonstrates solving of set of equations is complex, it goes with iterations, recursive calculations of integral transforms. These algorithms were also developed for other similar heat carriers flow schemes (heating medium is inside; forward flow; reversing flow of the external heat carrier). The authors suggest the discrete calculation method to facilitate the search of solution where the elements heat exchanger assembled of (fig. 3) are elementary circuits of single-pass cross flow with complete mixing of both heat carriers along the flow. Rows for the internal heat carrier flow can be multiway, in other words there is a three-dimensional case. It should be noted that most traditional approaches of discrete calculation of heat exchangers provide for breakdown of the surface area into a large number of elements (finite differences) where as a rule particular medium flow in the elements is not taken into account. The advantage of breakdown of the surface area of the overall apparatus into micro-heat exchangers to calculate is proved in papers [2, 10]. 



 - 31 -

зо
вн
іш
ні
й 
те
пл
он
ос
ій

 

елемент 

хід у 
секції 

внутрішній теплоносій 

Рух внутрішнього 
теплоносія у одній 

секції 

Вид А 

Вид А Розгорнута схема ходів 

зо
вн
іш
ні
й 
те
пл
он
ос
ій

 

внутрішній теплоносій 

хід 

секція 

Straight-line diagram of passes 

ex
te

rn
al

 h
ea

t c
ar

rie
r 

pass of 
the cell

Internal heat carrier 
flow in the cell 

View A 
internal heat carrier 

internal heat carrier 

View A 

the element

pass 

ex
te

rn
al

 h
ea

t c
ar

rie
r 

cell 

 
FIGURE 3. Generalized chart of heat carriers flow in the system of heat exchangers  

P-NTU method is used in the suggested by authors method [1, 2, 8, 9], where efficiency of every cross flow element from figure 3 and outlet heat carriers temperature would be expressed in the following way [1, 2, 8, 9]: 
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where:  
е – index which indicates that parameters are defined in the element,  1 – medium inlet,  2 – medium outlet,  
 – heating heat carrier,  
H – heated heat carrier, 
R, NTU2 – ratio of heat carrier water equivalent and number of transfer units [1, 2, 8, 9],  ;HWR
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K, F – heat transfer coefficient and heat transfer area of the surface in the element. During setting up the algorithm for set equations (18)-(19), which are noted for every element from figure 3; the diagram of reciprocal junctions and heat carrier mixing between the passes and at the outlet from the apparatus are taken into account. In fluid flow, pressure loss due to friction and local losses are calculated. Efficiency of every element is determined taking into account different defining characteristics of heat carriers and materials of tube walls, defining parameters of heat transfer. It is a countercurrent flow diagram, so interval and integration method is used for more precise definition of the elements efficiency. The efficiency (intensity of heating) of the whole apparatus is calculated in this way: 
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where heat carriers temperatures at the outlet are calculated taking into account mixing at the outlet from the elements of the last pass of the last cell. 
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Dependences for defining mean temperatures of heat carriers and surface walls which are defined in every element are schemed to calculate thermal-physical properties of heat carriers and materials of thermal state analysis. It should be mentioned that P-NTU method is reasonable in this case because it eliminates use of any empirical dependence for calculation (except dependences for heat emission). At the same time correction index of logarithmic mean temperature difference as a result can be calculated with the equation: 
21
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The authors put together results of the calculation on developed analytic algorithm and discrete algorithm for the particular one-pass scheme from the figure 3. The results of the correction index calculation  for one-pass scheme with two two-row cells are presented on the figure 4 (continuous curve – analytic algorithm, dashed curve – discrete algorithm).  
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FIGURE 4. Comparison of the calculations results: 1 – heating medium, 2 – heated medium, i – inlet, o – outlet  



 - 33 -

As a result of the analysis it is determined that if the number of discrete elements in the line is more than 40/z (for the number of cells 4 and less) and 10 with larger number of cells, discrepancies in results are almost absent. Using traditional method of finite differences it is necessary to divide the surface in 10100 times more in order to attain the accuracy. However, as a rule, the number of elements in the line of the apparatus is determined with the number of gills or extent of turbulent mixing. The parameters P and  calculations results of developed methods in some cases were compared with charts from [2] and it was noted their near agreement that shows reliability of the developed mathematical models, methods and algorithms. As opposed to equations and charts from [2], the developed methods give an opportunity to calculate the characteristics of the apparatus with random number of lines, cells and passes, including – discrete distribution of heat transfer parameters. The discrete calculation method was tested on apparatus of air cooling, air heaters, air coolers compressors, heat exchangers heating systems [3-5]. In this work efficiency of tubular utilizer and recuperator of gases heat that leaves blast-furnace production is researched with developed methods and algorithms (fig. 5) [6]. Heated air is delivered to the steel tube. Gases that leave the heat exchanger and air heater are delivered to recuperator and they go through washing staggered bare tube bundle in a crisscross manner. On the figure 5b the generalized chart of a single cell of a dual heat exchanger and utilize with a mixed flow diagram of heat carriers with counterflow passes. During successive addition of cells or one pass from the chart it is possible to arrange any number of heated air passes. Number of bank of tubes, which consecutively wash the external heat carrier in every pass can be random. The proposed method and algorithm of discrete calculation is used to simplify the process of determination of the heat regenerator efficiency.  
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FIGURE 5. The chart of the cell of the heat regenerator: a) construction, b) calculation model 

 The calculation program was developed on the basis of the proposed method. Gases and air thermal-physical properties were determined in every element of the heat exchanger taking into account their mean temperature and pressure. Relative humidity shift of the air that is delivered with a fan is taken into account. The composition of gases coming from the regenerator is set taking into account the volume content of every combustion product and water vapour. The property data of the composition of gases from [7] were approximated in view of calculating by formulae. Thermal-physical properties of the composition of gases (thermal conduction, dynamic viscosity) were determined by the procedure [6]. The program includes pollution and sedimentation occurs on the surface and operative roughness. Calculations results of the utilize with the tube diameter 40 mm, and total surface are 2212 m2 are introduced in figures 6 and 7. 
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In summer season the inlet air temperature +26С, relative humidity 10%. Mean temperature of gas that leaves the regenerator is 246С. The air is heated to 145С, the gases are cooled to 80С. Under existing conditions (see fig. 6b) there are no sections with surface corrosion of the heat regenerator. In winter season the inlet air temperature +2С, relative humidity 60%. Mean temperature of gas that leaves the regenerator is 246С. The air is heated to 135С, the gases are cooled to 63С. Under existing conditions (see fig. 7b) there is a section with surface corrosion of the heat regenerator (the first pass over the air near the gases outlet). Obtained results comply with the commonly known requirements as to avoidance of falls in gases temperature leaving heat producing and heat-reclaiming apparatus, lower than 80С (without particular condensing heat-utilizing devices) to prevent moistening and surface corrosion. Similar calculations are made for other heat exchangers parameters while the corrosion area transposes or disappears at all.  
inlet 
air 

outlet 
air 

gases outlet
gases  

temperature, ºC 

the difference between 
the water vapour 

saturation temperature 
in gases and wall 
temperature, ºC 

outlet 
air 

inlet 
air 

gases outlet

gases
 inlet

gases
inlet

a) b)  
FIGURE 6. The heat regenerator calculations results in summer season (vertically – banks of tubes, horizontal elements 
(tube sections): a) gases temperature, b) corrosion area definition  
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FIGURE 7. The heat regenerator calculations results in winter season (vertically – banks of tubes, horizontal elements (tube 
sections): a) gases temperature, b) corrosion area definition 

Conclusions and perspectives Summing up what has been said made universal methods and techniques give an opportunity to make an analysis of efficiency and reliability of tubular utilizers of gas heat that leave the blast-furnace production at the design phase and during the operational phase. 
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On the basis of developed methods and techniques it is possible to obtain distribution of local temperature characteristics and determine efficiency of any multiple passage heat exchangers and multiple tower external energy exchangers with complex flow arrangements of heat transfer elements. The developed methods give an opportunity to determine heat rating of heat exchangers taking into account unique features, make analysis of the apparatus work, their efficiency and reliability at different phases such as operating conditions (sediments, fouling etc.). 
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